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EXTENSION AND SOME APPLICATIONS OF THE
COINCIDENCE THEOREMS

BY
ZALMAN RUBINSTEIN(*) AND J. L. WALSH(®)

I. Introduction. The purpose of this note is to provide a detailed proof of two
coincidence theorems which were introduced in [10], [11], and [12], and proved in
particular cases in [10] and [11]. These theorems are then applied to various prob-
lems concerning polynomials, exponential polynomials, and certain classes of
analytic functions, especially lacunary polynomials. In some cases these results
provide analytic proofs to some theorems hitherto treated geometrically.

II. Two lemmas. In this section the function f(w)=log (1 —w) will denote the
analytic branch defined in the open unit disk such that f(0)=0. Unbounded regions
are assumed to contain the point at infinity.

LEMMA 1. Let r>0; m.>0, k=1,2,...,5; 35, m.=n.
(a) If o, are complex numbers, |a,| <r, then there exists a single-valued analytic
Sunction «(z) defined for all |z| > r satisfying the relations

(12 (-2
and |a(z)| Sr for |z| >r.

(b) If in addition 3} ., myof. =0, for [=1,2,...,p, then |a(2)|Sr?*/|z|” for
|z| >r.

For p=1 Lemma 1 was proved in [10, p. 355].
Proof. Let w=pe'®, 0<p< 1. On the circle |w| =p we have

7 \2 ( +¢+argf’ (w)) (l-+lvf-j:'('(7‘;))

1
= T=wp? (I-Rew) > 0.

Thus f(w) maps any disk |w| < p one to one onto a convex region R,. For a fixed z
(r<|z| <o) the function f(w/z) maps the disk |w|<r onto the convex region
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R,,.,- Therefore there exists a unique value «(z) such that

S

and |a(z)| =r. Since

o(z) = z{l —exp ['11 ’Zs; my, log (l—gz—")]},

one deduces that «(z) has an analytic continuation to the region |z| > r. Thus from
equation (1) follows part (a) of the lemma. To establish part (b) we notice that

- Z mlog (1——) = - Z myoy+ - +pz~? i myef

k=1 k=1 k=1

1

s
—_— P+l ..,
T g e
1 _né2)
= Zpel (al+ +- ) = T

where ¢(2) is analytic in |z| > r. Applying equation (1) we have

a(2) = z[1 —exp ($(2)/z* )] = h(2)/2?,
where h(z) is analytic in |z|>r. For ¢>0 let M,=Max, ... |h(z)| and M=

lim,., M,. We have
M, £ r(r+e)’.

Hence M <r?**, Finally since M,<M for all ¢>0, |h(z)| S M=r°*1. This con-

cludes the proof of Lemma 1.
The following corollaries follow directly from Lemma 1.

COROLLARY 1. If m,=1,k=1,2,...,s5, then

@ [] e = G—e@)

k=1

CoROLLARY 2. If B, (j=1,2,...,n) are complex numbers, |B;|Zr, then there
exists a single-valued analytic function B(z) defined for all |z| <r satisfying

3 [T G=8) = @B@-1r T8

j=1 j=1
and |B(2)| £ 1/r for |z| <r.
If in addition 3}, Bi'=0, for I=1,2, ..., p, then |B(2)| £ |z|?/r**! for |z| <r.

Proof. Apply Corollary 1 to z*Q(1/z), where Q(2)=][?-1 (z—B))-
REMARK. It is known [9] that there exists an analogous relation to (2) replacing
o, by B, and «(z) by B,(2), such that |B,(z)| = r for |z| <r. However for p=1 this
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estimate cannot be improved to |B,(z)|2r7*'/|z|* as the example Q(z)=2z2—1,
r=p=|B,(0)|=1 shows. The function «(z)=z[l—(1-2z"2)%)] is analytic in
|z] >1 and satisfies |«(z)| <|z| . On the other hand neither B(z)=z+i(l —z%)*/?
nor b(z)=z—i(1 —z%)'2 defined and analytic for |z| <1 is of modulus at least one
for all |z| < 1. Indeed if for instance |8(z)| 2 1, then |b(z)| £ 1 but |5(0)| =1 and thus
we would have a contradiction to the maximum principle. We can therefore
conclude that 8,(z) cannot be analytic in any neighborhood of the origin. Actually
one verifies that

Bi(z) = B(z), Imz >0,
=b(z), Imz <0,
= either B(z) or b(z), Imz = 0.

As we shall see below this difficulty is not encountered if the product of linear
factors is replaced by a weighted sum of other reciprocals.

LEMMA 2. With the notation of Lemma 1 we have
(@) If |ox| Sr, then there exists an analytic function o(z) defined for all |z|>r

satisfying
S 5
m, m
Iczl Z=o kZl z—«(2)
and |a(2)| 7 for |z|>r.

If in addition 35 ., mo,.=0 for I=1,2,...,p, then
le(2)| = r**Yz|?, for |z| > r.

(b) If |Bc| 2, then there exists an analytic function B(z) defined for all |z| <r
except possibly for at most s—1 poles satisfying

s m, s m
2 =B 2 z—ﬁk(z)

k=1 k=1

and |B(2)| 2 r for |z| <r.
If in addition 35 ., mBi;'=0 for I=1,2,...,p, then
B(2)| =2 r**Y|z|P for |z] < r.

In the case p=1, Lemma 2 was proved in [11, p. 355 and p. 365].
Proof. (a) Let z, |z| >r, be fixed. The function

g.(w) = =z

maps the disk |w| <r onto the interior of a circle which does not include the origin.

Thus the argument used in Lemma 1 shows that there exists a unique value «(z)
satisfying

1< m 1
4 - k_ =
@) n&= l—ofz 1 —a(2)/z
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and |a(z)] =r. Let (=) denote the left-hand side of (4). Then (z) is analytic in
|z| >r, $(0)=1 and ¢(z)#0. It follows that

«(z) = z(1-1/4(2))

is analytic in the region |z|>r.
To prove the second part of Lemma 2(a) we notice that

1 1< 1 < 1 S
l/l(z) = ;{n+; Zl myoy+ - - Z— Z mka£+;;;—1 kzl mkak+1+ }

- 1443

where f1(z) is analytic in |z| > r. The function h,(z) defined by

712 _ h(2)
2P*1+£1(2) z°

a(z) =

is also analytic in |z| > r and one proves that |k (z)| SrP*? exactly as in Lemma 1.

(b) Under the hypotheses made the function g.(w) maps the region |w| 2 r onto
the interior of a circle containing the origin. We can again conclude that there
exists a unique value S(z) satisfying

1< 1
) 5 2. T-h = TR

and |B(z)| 2 r for |z| <r. Denote the left-hand side of (5) by #,(z). The function
$o(z)=2z"1,(2) is analytic in |z| <r. It is also known [4, Theorem (4,2)] that the
zeros of ,(z) are the foci of the curve of class s— 1 which touches each line segment
8,8, in a point dividing the line segment in the ratio m;/m.

We conclude that the function

1
B(z) = e

is analytic in |z| <r, except possibly for at most s—1 poles at the zeros of ¢,(z).
To conclude the proof we write

bolz) = —-{Z"”‘ Z +z’12—+"z ,+1+ }

k=1 k=1 kal

= 2°{b,+byz+---} = z"hz(z),
where hy(2) is analytic in |z| <r and vanishes at most at s—1 points. We have

_ 1 2Yhy@) -1 _ he(a)
D=5 he 7

zP

where h3(z) is analytic in |z] <r except possibly for at most s—1 poles. Further-
more since h3(0)= —1/b,#0 and |hy(z)| 2 r|z|? for |z| <r it follows that h;(z)#0
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in |z| <r. Applying the maximum principle to the function 1/45(z) one deduces

easily that [hg(z)| 2 r**! for all |z| <r. This concludes the proof of Lemma 2.
REMARK. It is clear that Lemmas | and 2 can also be applied with p=0, by

regarding the additional conditions imposed on the «, and B, as omitted.

II1. Some applications of Lemma 1, to the location of zeros of sections of poly-
nomials. Lemma 1 can be conveniently applied to obtain results on the relative
location of zeros of polynomials obtained by various alterations from lacunary
polynomials. When p=0 some of these results reduce to well-known results and
for p= 1 they do provide additional information as expected.

THEOREM 1. If all the zeros of P(z2)=ay+azz’+ - +a,2", 1<q<n, lie in the
region |z| Zr, then all the zeros of the polynomial Q(z)=a,+a,z"+ - - +a,_,z""*
lie in the region |z| Z rx(q), where x(q) is the positive root of the equation x*+ x — 1 =0.

Proof. We apply Corollary 2 to Lemma 1 with p=g—1 to P(z). The result
follows after a short calculation.

When g=1, x(1)=14 and the theorem reduces to a result due to Szegé [8].

The example
P)=(-z9"=1—mz94-- . +2z9"

shows that the best value xq(q) of x(q) in Theorem 1 cannot exceed 2~ %% Thus
x(q) £ xo(q) £2-Y9, The question of determining x,(q) remains open.
The following result is obtained as above.

THEOREM 2. If all the zeros of the polynomial P(z)=a,z"+a,;z" "%+ - - - +a, lie
in the disk |z| <r then all the zeros of P(z)— a, lie in the disk |z| <r/x(q).

A repeated application of Theorems 1 and 2 leads to
THEOREM 3. At least one zero of the polynomial
ag+az'+a, 2’1+ - - +a,z2%,

ISg<vy<vy< -+ <wy, aua, #0, lies on the annulus

v =ve_p
£ |7

l/q

2 g

a,

aVk-x

—\'k("k“’n-l)

A

Yk

In this connection compare with a result due to Fejér [4, Corollary (34,1b),
p. 159].

The following two theorems deal with the location of zeros of polynomials
obtained from a given polynomial by suppressing alternate terms.

THEOREM 4. If all the zeros of the polynomial
P(z) = ag+a,z'+ - - - +a,z", aa, #0, 1 £q=n

lie in the region |z| 2 r, then all the zeros of the polynomial P(z)+ P(—z) lie in the
region |z| Z r(sin (m/2n)) 2.
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Proof. If P(z,)+ P(—z,)=0, for some |zo| <r, then by Corollary 2
(1=20B(20))" + (1 +zoB(— 20))" = 0.

For some ¢,, ¢e*= —1, we have

1—¢,

B(zo)+ e,B(—zo)

z

0

Hence
—e |r9 . q
|2o] 2 %?J:—g = ln%]?jq_:i'
Obviously no estimate of the above type can be obtained for P(z) — P(—z). However,
a dual result can be obtained by applying Theorem 4 to z*Q(1/z). It is interesting
to note that if we set n=k(n)g(n), where k(n) is a bounded function of n, the zeros
of P(z)+P(—z) are in |z| 2r—e, >0, for sufficiently large n.

In connection with Theorem 4 we might remark that by using a standard
argument involving the Szegd composition theorem we can prove that when g=1,
when

Q(z) = P(z)+P(-2z2), forevenn,
= P(z)—P(—2z), foroddn,

and the zeros of P(2) all lie in the annulus r £ |z| < p, then all the zeros of Q(z) lie
in the region
rtan (7/2n) £ |z| £ pctg(n/2n) for even n,
|

=<
0= |z] £

pctg(w/n) for odd n.

1V. Some applications of Lemma 2. Lemma 2 is particularly adaptable to
application with regard to the location of zeros of linear combinations of lacunary
polynomials and their derivatives.

THEOREM 5. If P(2)=][t-1 (=), || 1, JRoq k=0, 1=1,2,..., p, then all
the zeros of the polynomial cP(z)— P'(z) lie in the union of the disk |z| Sr and the
lemniscate of radius r which possesses p foci at the origin and one at the point njc.
It is convenient in this connection to consider a lemniscate with a focus at the point
at oo as the empty set.

Proof. If cP(z,)—P’(z,)=0 for some |z, >r, then by Lemma 2

_n___Ss_1 _,
Zo—(Zo) k=120 )
Hence
(6) |28(zo—n[c)| = |2zo|?|e(z0)| = rP*1.

For p=1, (6) was proved in [11, p. 357]. Similarly one deduces

THEOREM 6. If P(2)=]Tr-1(z—=Bx), |BelZr, Zh-1Be'=0, I=1,2,...,p, then
all the zeros of the polynomial cP(z)— P'(z) lie in the exterior of the intersection of
the disk and lemniscate defined in Theorem 5.
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V. Estimate of the curvature of lemniscates. In the previous sections we did not
make use explicitly of the differential properties of the functions «(z) and 8(z). In
this section we shall apply this property to obtain several estimates on the curvature
of level curves of certain analytic functions and particularly the lemniscates.

THEOREM 7. Let P(w) be a function (not necessarily a polynomial) defined in a
region containing 1 < |w| <o and such that for |w|>1 the function P'(w)/P(w) has
the representation

P'(w) c

M Pow) — w—g(m)

where g(w) is analytic in |w|> 1, |gW)| £ 1 and c is a real constant.
Let L,={w||P(w)|=p, n>0} and let K=K(w) be the curvature of L, at a point
w € L,, whenever it is defined. Then for |w| 23 the inequality

8) |e/K—wsignc| £ 1
holds, where 0 is the argument of the exterior normal to L, at the point w.

Proof. If w=f(z) is a univalent function which maps an arc of a circle |z| =r
containing the point z onto a curve I in the w-plane, then the curvature of I at the
point w is given by

Kk = [Re{L+z(/ @IS @),
l2f"(2)| ’

see, €.g. [2]. Letting f=P~! and applying (7) we obtain the following expression
for the curvature K(w) of L, at the point w:

K(w) = P'(w) Re{l—P(w)P”(w)}’

© P(w) (P'(w))?
_ |Re(l—g'w)|
w—g(w)
Now
0 = arg ﬁf(?) = arg w—f(w) = arg (w—g(w))+argc.

Inequality (8) can thus be written

l _R;;I-fg,vgw» exp (i arg (w—g(w)))—wl <1,
w—g(w)
lll—Reg’(w)l‘Wl =1
Since [g(w)[ <1 in |w|>1 we have
(10) g < =8I,

W1
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see, e.g. [5, p. 168]. Inequality (10) implies that |[g'(w)| <1 for |w|2+/2. Tt is
therefore sufficient to show that

[wRe g'(w)—g(w)| _ 1
1—Reg'(w) =

for |w| 2 3.
Applying inequality (10) we have
1-Reg'(w) 2 1-|g'(w)|

l_l_lg(w)|2
lw|*—1

_ WP +lgw)|*-2

w1

1\

and

_ 2
[ Re g/ —g00)] S w00+ |0 < vl TE 4 g0

_ (wl =g +|w] |gwW)])
[w]2—1

Thus inequality (8) will hold if

(Iwl =g +|w| [gW)]) = [w]2+]|gWw)|>—2

or equivalently if
[wIZ=|wl(1+|gW)]) 2 2+|g(w)|.

Since |g(w)| £1 the last inequality holds obviously for all |w| 2 3. This completes
the proof of Theorem 7.

COROLLARY 3. Ifwe L, |w|23, ¢>0(c<0), then:

(a) The interior (exterior) normal intersects the unit disk and the radius of curva-
ture lies between the two segments obtained by joining w with the two points (which
may coincide) of intersection of the normal with the unit circumference.

(b) In particular the center of curvature lies in the unit disk (or in its reflection
in w).

(¢) The curvature K(w) satisfies the inequalities

[w|+1

Using a calculation similar to that performed in the proof of Theorem 7 we can
additionally prove:

THEOREM 8. If we L,, then

(a) K(w) < T»'le——l if w| > 1
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and

[w]2—2

© KO 2 mr=nmwn 7 M E V2

Proof. (a) By (9) we have

gl BT el
1+]g'(w) d ek S L et { U :
KOS 2T 2 “-T = wP=D(w-D = W1
(b) If |w| = /2

Kw) 2 L1805 [wP+[gw)?-2

[wl+1 = ((w]2=1)(Jw|+1)
wr-2
(Iwl*=D(Iw|+1)

COROLLARY 4. Ifan arc of L, lies in {w| |w| >+/2}, then this arc does not have any
inflection points.

1\

In the particular case when ¢>0 and L, are lemniscates Corollary 3 follows also
from two theorems due to Shaffer [7, Theorems 3 and 4], where inequality (8) is
deduced for a region containing {w||w| 23} but where the number 3 cannot be
replaced by a smaller number. However, Corollary 3(c) combined with Theorem 8
contains three out of the four estimates of Theorem 4 in [7]. In addition our
Corollary 4 is identical with Corollary 1 in [7], which in turn implies Corollaries
2-4 of [7, p. 66]. We thus conclude that the analytic method which is applicable to
a wide class of functions even though it does not yield the strongest possible
results in the case of lemniscates is sufficient to yield exact results concerning the
sufficient conditions for the convexity of lemniscates. Furthermore, our method
provides stronger results when applied to lacunary polynomials, for which we have

COROLLARY 5. Let P(w)=]Ti-1 (W—ay)™, where |a| <1 and m, are positive
integers. If 35 .1 moy, =0, I=1,2,...,p, p2 1, then for |w|>1

(W[ —plw|>~1 = D[w|?

(@) (Wl — DW=+ 1)

[wl**'+p
< P Lid N—
= KW 2 e
(b) The lemniscates L, are convex if they are contained in the region |w|>r(p),
where r(p) is the largest positive root of the equation x*® —px?~*—1=0.

The right-hand inequality in (a) coincides with the right-hand inequality in
Corollary 3(c) for p=0 and is sharper than the latter for all p2= 1. The left-hand
inequality in (a) is stronger than the inequality of Theorem 8(b) for p=1. As
regards Corollary 5(b) one can easily show that r(p)<(p+1)V®*? and r(2) £4/2

so that the estimate for lacunary polynomials is always sharper than for arbitrary
polynomials. :
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Proof. By Lemma 2 we have |g(w)|<|w|™? for |w|>1. The function
Sf(w)=g(1/w) is analytic for |w|<1 and has the expansion

fo =3 aw

k=p
Also |f(w)| <1 for |w| < 1. Therefore by a theorem due to Goluzin [1, p. 290]

plw*~?
1—|w|%®

lf (W)l (I=1fmI?) for |w| <1

IA

or equivalently

1800 5 L (- (g0 for [w] > 1.

Now by (9), Lemma 2 and the last inequality

1=g0)] o [wlP(w]®—plwl-*=1)
Kw) 2 > :
) 2 T3 em] 2 Ol F (WP =)

In particular K(w) >0 for |w| > r(p). To complete the proof we notice that by (9)

P'(w) P"(w)
P(w)  P'(w).

Kw) < [

Applying the inequality
P'(w) P'(w) 1 p+1
= Tw[(wP*T =1y

P(w) P'(w) w

from [6, Theorem 3], we obtain

p+1 1 [w|**t4p
NV < e—_— 4 =
KOO = e =1 Tl = WP =)

This completes the proof.

V1. Sufficient conditions for the stability of exponential polynomials. Recently,
Krall [3], has pointed out that there are no suitable techniques to determine
whether or not an exponential polynomial of the form

(11 F(z) = z"+az" "1+ - .- — Kefe (2" + bz" "1+ - . .),

where 0< 7, 0< K, and 0= 6 (g, b, etc. are complex constants), is stable, i.e., all its
zeros have negative real parts. He proves, among other things, that only for m<n,
or for m=n and K <1 has the function F(z) a finite number of zeros with positive
real parts.

The purpose of this section is to give a sharp estimate for the real part of the
zeros of F(z) for m=n, and to indicate a criterion of stability if in addition K< 1.

THEOREM 9. Let F(z) be as in (11), m<n. Suppose that the polynomial P(z)=
Z"+az"~ 1+ - has all its zeros in the disk |z| Sr,, and that the polynomial Q(z)=



1969] EXTENSION OF THE COINCIDENCE THEOREMS 423

Z"+bz™ "1+ ... has all its zeros in the disk |z|Sr,. Let R, R>r,, satisfy the
inequality:

(12) log [(R=r)"/(R+r)"]+ 7R Z log K;
then all the zeros of F(2) lie in the half-plane Re z< R.
Proof. By Corollary 1, equation (11) can be written in the form:
(13) F(z) = (z—o)"— Ke'®e""(z—p)",
where |a(2)| =1y, and |B(2)| Sr.. If F(z,)=0, with Re z,> R, then

Ke™™® > Ke~™Be20 = ]zo—al"/[zo-—ﬁ|”' 2 (|zo| =r)™/(|zo| +ra)™

(14) > (R—r)(R+ry)".

Since, for m<n, (x—ry)*/(x+rz)™ is an increasing function of x for r, < x, we get a
contradiction to (12) which proves the theorem.
The estimate of the theorem is sharp, as the example:

=0, P2)=(z—z;)", Q@) =(z—2z)", (r,—ry" >0,

shows, since in this case F(z) has a real zero greater than r,, for which both sides
of equation (12) are equal.

CoROLLARY 6. If F(z), P(z), and Q(z) are as in Theorem 9, but if the zeros of
P(z) and Q(2) lie in the disks |z—c|<r, and |z—c|Sr, respectively, and if Re ¢
< —R< —ry, where R satisfies the inequality:

(15) log [(R—r)*/(R+r)"]+7(R+Rec) 2 log K,
then the exponential polynomial F(z) is stable.

This is shown by applying Theorem 9 to the function F(z+c). It follows that the
zeros of F(z+c) satisfy Re z< R, hence Re (z+¢)< R+Re ¢£0.

For n=m, inequality (15) could be satisfied only if K< 1, which is in accordance
with the general theorems in [3].

As in the previous sections somewhat sharper results can be obtained if the
polynomials defining F(z) are lacunary.

VII. Domains of starlikeness and convexity for lacunary polynomials. This
section deals with a sharp estimate of the largest disks about the origin in which all

lacunary polynomials P(z) of degree n normalized by P(0)=0, P’(0)=1 are starlike
Or convex.

THEOREM 10. Let P(z)=z+a,z’+ - - +a,z", a,#0, n2Zp=2, and let z,, z,, . . .,

Zn-yandzy, z,, . . ., z,_, denote the nonvanishing zeros of P(z) and P'(z) respectively.
Then

() P(2) is convex in the disk |z| Srn='®=D where r=Min, <., |21].
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(b) P(2) is starlike with respect to the origin in the disk |z| < pn~Y®-V, where
p=Min;gp<n-1 |2
(¢) The limits in (a) and (b) are attained by the polynomial P(z)=z—2z"/n, p=n.

Proof. We apply Lemma 2(b) with p replaced by p—2 to the polynomials P(z)
and P’(z). We then have

Re(14:5) - re (145 222)

=

where |z| <r and |a(z)| 2 r?~1/|z|P -2 It follows that

@\ ., (=D
Re (1“ Pz )) SRy P
(n=1D)]zl?~

=1-

T[T
Thus
Re (14+zP"(2)/P'(z)) 2 O

if rP=1—n|z|?~1z0. Similarly

P (z)) ( oz )
Re ( =Re(l+
P(2) ,Z'l z—2
and the calculation is the same as above replacing z; by z,. For the extremal

polynomial we have
" —pon-1
1+Re ( (z)) Re 1202

P2) =71
P'(2) ]—z""2
R°( PG )) Re =7

and by substituting {=2""1, one shows easily that the above mentioned disks are
the largest possible disks for which P(z) is convex and starlike respectively.

COROLLARY 7. Let P(z)=z+a,z°+ - - - +a,z", a,#0, 2Sp=n, and let r and p be
defined as in Theorem 10. Then P(z) is univalent in the disk

|z| £ n=%=Y Max (r, p).
In particular rz pn=Y®=Y p2rn~Y®-Y that is
n~Ue-D < plp £ @D,

The right-hand inequality is sharp for all n, and the upper bound is attained for
Pn(2)=z—z"/n. The left-hand inequality is not sharp for the case p=2.
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VIII. Application of §II with arbitrary center of gravity of the o,. Lemma 1| and
Lemma 2 have shown themselves quite useful [9}-[12] in studying zeros of poly-
nomials; they are now to be generalized and applied by making further use of a
possible arbitrary center of gravity of the points «,. From Lemma 2(a) there
follows without difficulty [11]

THEOREM 11. Suppose we have |a,—ao| Sr, m,>0, Sk_ym=1, |z—ao|>r. If
Z is a zero of the equation

S 4, A0,
k=1

Z—oy

then we have also
(16) |z—(xo+1/4)| S r.
Use of Lemma 2(b) instead of Lemma 2(a) yields [12]

THEOREM 12. If in Theorem 11 we have 2} ., m,o,.=«,, then we may replace (16)
by
a7 |(z=ao)[z— (o + 1/4)]| £ r2.

We no longer require henceforth that the center of gravity of the weighted points
o, be the center of the disk |z| £1 containing the points «, and shall prove

THEOREM 13. Suppose we have || =1, m.>0, Sh., me=1, 2i_, moy,=aq,
|z| > 1. If z is a zero of

Pl(z) n
18 — A # O y P Z) = Z— mk,
( ) P(z) ( ) ( ) kl=1l ( ak)
then we have
1+ || |2]
19 —1/4| £ — 2112
(19 lz=1/4] = 2] + |e|

If ¢y =0, Theorem 13 is equivalent to Theorem 12. We note that in Theorem 13
we have |og| <1, |(z)| <1 except in the single case «, =a, for all k, a case that can
be treated readily by itself.

Henceforth we give proofs only for the case |ao| < 1. To prove Theorem 13, we
notice as in [12] that if |z| > 1 and z satisfies (18), then the function

_ a(z)— e
A& = T—aetd)
is analytic for |z|>1 with (by Lemma 2) |«(z)| <1, |8(z)| <1 and hence (compare
[11]) «(c0)=c, B(c0)=0. Schwarz’s Lemma then asserts |B(z)| < 1/|z| whence by
use of various algebraic inequalities related to linear transformations of the complex
variable,
1+]ao| |z],

@0 =@ = T e
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Equation (18) can be written

P < m 1 1
P(z)  Syz—o 4, z—a(z) 4. =7

= «(2)

and (19) follows from (20).

If we modify (18) so that 4=0, all zeros of the modified equation lie in the
closed unit disk, which is essentially the well-known theorem of Lucas relative to
the zeros of the derivative of a polynomial.

The locus of z as defined by (19) with the sign “<” replaced by “=" is an
algebraic curve of which the part exterior to the unit disk lies in the open disk
|z—1/A4| <1, since the second member of (19) is less than unity when |z|>1.
However, we have

COROLLARY 8. Suppose in Theorem 13 we have >0, |z|Z1+q+q|e|, and
equation (18). Then we have

(21 |z—1/4] = (1+q|e))/(1+9);
the second member of (21) is clearly less than unity.

For brevity we shall omit the proof. Theorem 12, Theorem 13, and the Corollary 8
all represent an improvement, in some sense, over Theorem 11.
Theorems 11-13 are wholly analogous to a different situation [10].

THEOREM 14. Suppose |op|S1 for k=1,2,...,n with Jr.) ay=noy. If the
constant C is arbitrary we set

p(z) = H (z—a)—C.

Then for |z| 2 1 all zeros of p(z) lie in the n sets of regions (as C*™™ takes all n values)
|2][|z—= C¥™| = |eo| ] + |eo| |z—C*"] = 1.

We omit the proof of this theorem which follows along the same lines as the
proof of Theorem 13.
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